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Let Go be a connected Lie group whose Lie algebra go is a simple exceptional 
non-compact real Lie algebra of inner type (up to isomorphism there are 10 such 
algebras). We classify the nilpotent orbits of G, in go (for the adjoint action) by 
using Kostant’s conjecture which was recently proved by J. Sekiguchi and the 
author (independently). For each nilpotent element EE g,,. E# 0, we determine the 
dimension of the orbit and the I.evi factor of the centralizer of E in go. ic) 1988 
Academic Press, Inc. 
1. Let g be a complex semisimple Lie algebra. By N we denote the 
afftne algebraic subvariety of g consisting of all nilpotent elements E (i.e., 
such that ad E is nilpotent). A subalgebra of g is called regular if it is nor- 
malized by some Cartan subalgebra of g. Following Vinberg [ 131, we say 
that EC .N is irreducible (in g) if it is not contained in any proper regular 
semisimple subalgebra of g. 
Write g=g, @ ... @g,n, where gi are the simple ideals of g. Let E E -4f 
and write E = El + ... + E,, where Ei E gi, 1 < i< m. Then it is clear that 
E is irreducible in g if and only if Ej is irreducible in g, for each i. 
From now on we shall assume that g is simple (unless stated otherwise). 
2. Let h be a Cartan subalgebra of g, R the root system of (g, b), 
and W its Weyl group. For a E R let gz denote the corresponding root 
space of g and H, the unique clement of [g”, g -“I such that a(EI,) = 2. Let 
IjO be the R-span of {H,: CI E R) and recall that h = ho @ iho. The Weyl 
group W is a reflection group in the Euclidean space ho. We fix a base B of 
R and denote by C the closed Weyl chamber in h,, which corresponds to B. 
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We shall denote by 1 the rank of g and we write B = { c( 1, . . . . aI}. By ~1~ we 
denote the negative of the highest root of (R, B) and we set B, = B u {LX,,}. 
We shall use the indexing of simple roots as in [3]. In the case when g is 
an exceptional algebra we give in Table I the list of extended Dynkin 
diagrams indicating the location of the roots s(~, 06 i < 1. This is only done 
for the reader’s convenience. 
3. Following Bourbaki [4] we say tat (E, H, F) is an aI,-triple of g 
if {E,H,P}cg, EfOand 
[H, E] = 2E, [H, F] = -2F, [E, F] = -H. 
This implies that E and F are nilpotent and H is semisimple with ad H 
having integer eigenvalues only. 
An element HE g is called simple if there exist E, FE g such that 
(E, H, F) is an e&-triple. Let G be the adjoint group of g. Since G acts on g, 
it also acts on the set of all &-triples in g. It is well known (see [4]) that 
the projection maps (E, H, F) H E and (E, H, F) H H induce bijections 
from the set of all G-orbits of &-triples to the set of all non-zero G-orbits 
in .N and the set of all G-orbits of simple elements in g, respectively. 
Given E E N, E # 0, we can choose H, FE g such that (E, H, F) is an 
$-triple (Jacobson-Morozov theorem). Then G. Hn C= {H,} is a 
singleton set and this establishes a bijection between the non-zero G-orbits 
in .N and the set of all simple elements in C. Following Dynkin, we shall 
refer to Ho as the characteristic of the orbit G. E. It is also known that 
ui(H,)~ (0, 1,2} for 1 did/. 
4. Let E be an irreducible nilpotent element of g and let HE C be 
TABLE I 
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the characteristic of G . E. In that case we have cri(H) E (0, 2> for 1 < i < 1. 
There exists a nilpotent element E # 0 whose characteristic H is such that 
xj( H) = 2, 1 < i < 1. Such nilpotent element is called a principal nilpotent in 
g and it is always irreducible. 
In the general case, we shall colour the vertex ri of the Dynkin diagram 
of g white or black depending on whether q(H) is 2 or 0, respectively. The 
resulting coloured Dynkin diagrams for all irreducible non-principal 
nilpotent elements of an arbitrary simple complex Lie algebra g are listed 
in Table II (see [ 141 or [8]). 
5. Let go = I,, + p,, be a Cartan decomposition of a non-compact 
simple real Lie algebra go and let g = f + p be its complexification. We shall 
write -v, = ,A’” n p. By K we denote the connected Lie subgroup of G whose 
Lie algebra is f. It is well known that Mi consists of finitely many K-orbits 
(see [lo] or [ 121). One of the main results of this paper is the list of all 
K-orbits in .,$ in the case where g,, is an exceptional algebra of inner type. 
(The last condition means that rank f = rank g = 1.) Thus in Cartan 
notations we exclude the two cases EI and EIV. 
We shall assume from now on that the restriction on go just mentioned is 
in force. We also assume that the Cartan subalgebra t, of g had been 
chosen so that h c I, h n I, is a Cartan subalgebra of I, and we set ho = 
lj n if,. 
6. We shall denote by R, the root system of (I, h) and by W, the 
TABLE II 
-%(~I 1 
--I---- 
&(Q) ---r+-+- 
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Weyl group of RO. (We view R, as a subset of R and W, as a subgroup of 
W.) Then we have 
R, = {ZE R: g”cf}. 
Set R, = R\R, and note that 
R, = {PER: (~‘cp}. 
For a E R, (resp. a E R,) we set d(a) = 0 (resp. d(a) = 1). If a, p and a + p 
are roots then d(sc +p)= d(a) +d(j?) (mod 2) and so R, and R, are 
uniquely determined by the values d(ai) for 1 < i < 1. These values (for a 
particular choice of b) are shown in Table III. 
7. It turns out that there is a unique base B, of R, such that 
B0 c B,. Let I, be the rank of the semisimple part of I. In the cases EIII 
and EVII we have Z,, = I- 1 while in all other cases Z, = 1. If I,, = I we set 
Bb = B,. Otherwise we have B, c B and we set Bb = B. We set Bb = 
{PI, . . . . /?,}, where Pi E B, for 1 < i < &. Th e 1 ocations of the roots pi in the 
extended Dynkin diagram of g are exhibited in Table IV. (In EII, b3 is 
adjacent to fi2 and /14. In EV, fi4 is adjacent to fi3 and Bs.) We denote by 
Co the closed Weyl chamber of R, in ljO which corresponds to the base B,. 
8. An sl,-triple (E, H, F) in g is called normal if HE f and E, FE p. 
Given any non-zero nilpotent element E E p, it follows from the Jacob- 
son-Morozov theorem that E can be embedded in a normal &-triple 
(E, H, F). Since ad H is semisimple and all its eigenvalues are integers, the 
intersection K. H n Co is a singleton set, say {H,}. It was shown by 
Kostant and Rallis [lo] that the element HO depends only on the K-orbit 
of E and that it determines uniquely this orbit. We shall refer to H, as the 
characteristic of the orbit K . E. The numbers /Ii( HO), 1 < i < Z, are integers 
TABLE III 
GI 0 1 
FI 1000 
FII 0001 
EII 010000 
EIII 000001 
EV 0100000 
EVI 0000010 
EVII 0000001 
EVIII 10000000 
EIX 00000001 
12345678 
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GI 
FI 
FII 
HI 
EIII 
EV 
EVI 
EVII 
EVIII 
EIX 
and fl,(H,) > 0 for 1 < i < E,. A posteriori (see Tables VI-XV), it follows 
that Pin (0, 1,2,3,4,8} for 1 <i<l,. 
9. The set of all regular semisimple subalgebras of g will be 
denoted by RSS. Let EE 1, E # 0. The set of all minimal subalgebras 
(with respect o inclusion) in 
{sERSS:snG.E#@} 
will be denoted by RSS(G . E). If 4 E RSS(G . E) and E, E 5 n G . E then E, 
is an irreducible nilpotent of 5. Since the RSS of g are easy to classify, up to 
G-conjugacy, this leads to the classification of the G-orbits in M (due to 
Dynkin). Dynkin’s tables [6] list the characteristic and the G-conjugacy 
classes of RSS(G . E) for each non-zero nilpotent orbit G . E. His tables 
contain some errors and for corrected tables we refer to ElaSvili [7]. 
Denote by 3(E) the centralizer of E in g and by e(E) the reductive part of 
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TABLE V 
9 f dim I 
Al 
A2 
A2 
A3 
A3 
A3 
‘43 
A4 
‘44 
‘44 
A5 
A5 
A5 
AS 
‘45 
B2 
B2 
B3 
B3 
B3 
B4 
B4 
B4 
B4 
B5 
BS 
B5 
4 
Bs 
B6 
B6 
B6 
86 
B6 
B6 
c3 
c3 
C4 
c4 
c‘l 
D4 
D4 
04 
D4 
DS 
T, 
A, +T, 
A, 
B2 
Az+T, 
2A, + T, 
2A, 
A3 + T, 
A, +A, +T, 
B2 
A, + T, 
c3 
A, + A, + T, 
2A, + T, 
A3 
2.4, 
A, +T, 
.43 
& + T, 
3~4, 
D4 
B, + T, 
A,+A, 
B2 +2A, 
D, 
B4 + T, 
Dct+A, 
B3 +2A, 
A,+& 
06 
Bs + T, 
D5 +A, 
B4 +2A, 
Dq+Bz 
A, +B, 
& +A, 
A2 + T, 
C,+A, 
282 
A3 + 7’1 
B3 
A,+T, 
B2 +A, 
4A, 
B4 
1 51(2, W) 
4 5u(2. 1) 
3 51(3, W) 
10 w, W) 
9 w3, 1) 
I su(2,2) 
6 sl(4, Iw) 
16 5u(4, 1) 
12 N3,2) 
10 51(5, JB) 
25 5u(5,1) 
21 51(3, w 1 
19 N4,2) 
17 51((3,3) 
15 51(6, R) 
6 eo(4, 1) 
4 50(3,2) 
15 546, 1) 
11 50(5,2 1
9 eo(4, 3 1 
28 50(& 1) 
22 50(7,2) 
18 50(6, 3) 
16 50(5,4) 
45 eo(l0, 1) 
37 50(9,2) 
31 so@, 3) 
27 50(7,4) 
25 eo(6, 5) 
66 eo(12,l) 
56 50(11,2) 
48 50( 10, 3) 
42 50(9,4) 
38 5@,5) 
36 50(7,6) 
13 5W 1) 
9 5~(6, WI 
24 5P(3, 1) 
20 ~~(2~2) 
16 5~6 R) 
21 50(7, 1) 
16 50(6,2) 
13 50(5,3) 
12 50(4,4) 
36 50(9, 1) 
Table continued 
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D, + T, 
A, + T, 
B,+AI 
A, +2A, 
2B* 
B5 
D( + T, 
84 +A, 
As + T, 
D4 +2A, 
B,+& 
2.43 
F4 
D, + T, 
A,+A, 
(‘4 
En + T, 
D, + A, 
A, 
&+A, 
Dx 
B4 
Cz +A, 
2.4, 
A, +T, 
A, 
T2 
2A,+T, 
2A, 
A, +T2 
A, + T, 
_ 
13 
29 
25 
24 
21 
20 
55 
46 
39 
36 
34 
31 
30 
52 
46 
38 
36 
19 
69 
63 
136 
120 
36 
24 
6 
4 
2 
6 
4 
5d8, 2) 
so*( IO) 
50(7, 3) 
5N6.4) 
50(5,5) 
50(11,1) 
eo( 10,2) 
50(9, 3 1 
eo*(12) 
50(8,4) 
50(7, 5) 
546. 6) 
E‘6,6, 
F ‘6, 14, 
E 612) 
E 6,.-26, 
E 7, 25, 
E 7(- 51 
F ‘7171 
Ex<--24, 
En,,, 
F ‘t-2”) 
F d(4) 
c ‘2(l) 
d(2, W) + su(2) 
5v2, C) 
251(2, R) 
d(2, W) + 2eu(2) 
q2, C) + m(2) 
2el(2, R) + m(2) 
d(2, W) + ef(2, C) 
3d(2, R) 
j(E) (i.e., the Levi factor of j(E)). For each non-zero nilpotent orbit G . E 
Elasvili gives also the isomorphism type of s(E) and the dimension of 3(E). 
Furthermore, Alekseevskii [ 1 ] has described the structure of the centralizer 
of E in G. 
10. Let RSS, = {B E RSS: [h, 51 c s}. For E, E Jv;, E, #O, we 
define 
RSS,(K. E,) = (5 E RSS, nRSS(G.E,):snK.E, #a}. 
It was shown by Vi&erg and ElaSvili [ 141 that RS&(K. E,) is not empty. 
This leads to the following algorithm for computing the non-zero 
nilpotent K-orbits in p. Let E E N, E # 0. It suffices to show how to 
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TABLE VI 
Nonzero Nilpotent Orbits in Gz,2, 
1 01 I 1 A, 3 1 1 T, 51(2, R) 
2 10 1 3 AI 2 1 1 7., el(2, R) 
3 02 2 2 A, +AT 1 0 2 0 0 
4 02 0 4 A,,A,+AT 1 0 4 0 0 
5 22 4 8 G2 0 0 2 0 0 
enumerate the K-orbits (if any) in G. E n p. We may assume that E is 
chosen so that it can be embedded in an s12-triple (E, H, F) with HE C. Let 
m = [ W: W,] and choose elements w, , MI?, .. . . M’,,, of W such that 
co = u MJiC. 
I ci<m 
(This implies that uzi, 1 < i < m, are right coset representatives of W,, in W.) 
TABLE VII 
Nonzero Nilpotent Orbits in F.,,4, 
1 1000 
2 0001 
3 0001 
4 0100 
5 0100 
6 2000 
I 2ooo 
8 2000 
9 0002 
10 0010 
11 2001 
12 2001 
13 0101 
14 1010 
15 1010 
16 0200 
17 0200 
18 0200 
19 2200 
20 2200 
21 1012 
22 0202 
23 0202 
24 2202 
25 2202 
26 2222 
001 1 A, 16 9 1 A,+T, 
100 2 AT,~A, 13 7 5 2A,+T, 
010 0 2A, 13 6 4 2A; 
001 3 A, ~AT,~A, 10 4 6 A,+T, 
101 1 A, +Ar,3A, 10 2 4 T2 
Ooo 4 AZ,Ar +2A,,4A, 9 8 14 ,4z 
200 0 A,,z‘t~+?eA,,‘bi, 9 4 10 A,+T, 
002 2 A~+lk‘i,,‘iA, 9 3 7 A, 
020 0 AL 9 6 4 2A, 
110 2 A,+AT 7 1 5 T, 
102 4 A3 6 3 3 A, 
012 2 B,, A, 6 2 4 TX 
111 1 A,+A, 6 1 3 T, 
103 1 B,+A, 5 1 5 T, 
Ill 3 B,+A, 5 1 3 T, 
Oo‘l 0 Bz+2A,,A,+A,,D,(a,), 4 0 12 0 
Az+AI 
020 4 BZ +2A,, A, +AT. D,(u,) 4 0 8 0 
202 2 B,+2A, 4 0 6 0 
004 8 &,D.I 3 3 7 A, 
204 4 B,, I), 3 1 5 T, 
131 3 c, 3 1 3 T, 
040 4 C,+A, 20 80 
222 2 C,+A, 20 40 
224 4 B, 10 40 
404 8 B, 1 0 6 0 
444 8 F4 00 40 
~~(67 R) 
54-T 2) 
el(4, W) 
d(2, !-a) + w(2) 
2s1(2, R) 
5u(3) 
eu(2, 1) 
51(3, R) 
GZ,?, 
5Q2, W) 
$2, C) 
251(2, R) 
su2, WI 
su2, R) 
w, WI 
0 
0 
0 
m(2) 
5u2, 118) 
eu, Iw) 
0 
0 
0 
0 
0 
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TABLE VIII 
Nonzero Nilpotent Orbits in F4, 20j 
1 oool 0001 AT 25 15 1 A, 5u(3) 
2 0002 4c00 AZ 21 14 8 Gz Gz, 14, 
TABLE IX 
Nonzero Nilpotent Orbits in E,,,, 
1 Oloooo 00100 1 Al 21 17 1 2AZ+T, 
2 100001 10001 2 2A, 22 12 6 B,fT, 
3 100001 01010 0 2A, 22 10 4 3A, +T, 
4 ooo100 00100 3 3.4, I8 9 9 A?+T, 
5 000100 10101 I 3A, 18 5 5 A,+T? 
6 020000 000004 AZ, 4.4, 17 16 20 2Az 
7 02oooo 20002 0 Az> 4.4, 17 8 12 2A,+T, 
8 020000 00200 2 4A, 17 8 10 Az 
9 110001 21001 1 A> +A, 15 5 7 A,+T2 
10 110001 10012 1 AZ +A, 15 5 7 A,+7’2 
11 200002 02020 0 2AZ 14 6 8 2A, 
12 001010 30100 0 AZ +2A, 13 4 12 A,+T, 
13 001010 00103 0 Az f2A, 13 4 12 A,+T, 
14 001010 11011 2 Az +2A, 13 2 6 Tz 
15 120001 10201 4 A3 12 7 3 ZA,+T, 
16 120001 01210 2 A3 12 5 5 A,+Tz 
17 100101 11111 1 2Az t A, 11 1 5 T, 
18 011010 10301 1 Az+A, 10 2 8 Tz 
19 011010 11111 3 A3+A, 10 2 4 Tz 
20 000200 00400 0 D,(u,), A, +2A,, 3Az 9 2 18 Tz 
21 000200 02020 4 D,(Q,). A, +2A, 9 2 10 TZ 
22 000200 20202 2 A, +2A, 9 1 9 T, 
23 020200 00400 8 D4 8 8 10 A? 
24 020200 20402 4 D4 8 4 6 A,+?; 
25 220002 40004 4 A4 8 4 14 A,iT, 
26 220002 22022 0 A4 8 2 8 Tz 
27 lllOI1 12113 1 Ad+A, 7 1 5 T, 
28 111011 31121 1 Ad+A, 7 1 5 T, 
29 121011 31310 4 DdQl) 6 1 7 T, 
30 121011 01313 4 Dr(u, 1 6 1 I T, 
31 211012 13131 3 A, 6 1 5 T, 
32 200202 22222 2 A5 +A, 5 0 60 
33 200202 04040 4 A5 +A, 5 0 12 0 
34 220202 22422 4 D5 4 1 5 7; 
35 220202 40404 8 D5 4 1 9 T, 
36 222022 44044 4 Eda, 1 3 0 8 0 
37 222222 44444 8 E, 2 0 60 
su(3,3) 
50(5,2) + T, 
50((4, 3) + T, 
Sll(3) + ef(2, K!) 
eu(2, 1) - ef(2, W) 
2su(3) 
2eu(2,1) 
eu3, @I 
su(2, 1) + T, 
542, 1) + T, 
G 2,2) 
m(2) + T, 
m(2) 4 T, 
el(2, R) + T, 
so(4, 1) + T, 
eo(3,2)+ T, 
50, W) 
sl(2, R) + T, 
sl(2, R) t T, 
7‘2 
12 
T, - v, 
m(3) 
542, 1) 
m(2) -r T, 
d(2, W) + T, 
T, , 
I, I . 
1, 
T, 
sf(2. R) 
0 
0 
T, I , 
I, 
0 
0 
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TABLE X 
Nonzero Nilpotent Orbits in Es,. 14, 
2 
4 
5 
6 
8 
9 
10 
11 
12 
Oloooo ooool 0 A, 35 25 1 A,+T, 54% 1) 
Oloooo OoolO -2 A, 35 25 1 A, + T, 5u(5, 1) 
loo001 1oooO 1 2A, 30 22 8 B, + T, eo(7) + T, 
loo001 loo00 -2 2A, 30 22 8 B? + T, eo(7) + T, 
loo001 oooll --2 2A1 30 16 2 A,tT, 50(6. 1) + T, 
02oooo 02ooo -2 AZ 25 12 8 A,+A,+I’, eu(3)+eu(2, 1) 
11ooo1 11010 -2 A,+A, 23 9 3 A, + 7’, w(3) + T, 
11ooo1 11001 -3 Az+A, 23 9 3 Az+T, 543) + T, 
2oooo2 4@Ooo -2 2A2 22 14 16 Gz Gz,. 14, 
12oool ooo13 -2 A, 20 11 I B, + ?.I so(5) + T, 
12oool ooo31 -6 A, 20 11 7 Bz + T, 50(S) + T, 
22ooo2 02022 -6 A, 16 4 6 A,+T, ~(2) + 7’1 
For each vector H, E (wi(H): 1 d i< m} we carry out the following 
procedure. First we determine the sets 
R,,={a~R~:cc(H~)=2} 
and 
Roe = {aE R,: a(H,)=O}. 
Let A be the coloured Dynkin diagram (see Section 4) of some 
B E RSS( G . E). We check whether the root system of A can be embedded in 
R so that the white vertices of A are sent to R,,, the black vertices to R,, 
and the image of A in R is a closed set of roots (see [ 3,4]). If such 
embedding exists then H, is the characteristic of a nilpotent element 
E, E G . E n n and E, E a1 for some e1 E RSS,(K. E,) which is G-conjugate 
to 5. By carrying out this procedure for each H, and each G-conjugacy 
class of algebras in RSS(G . E) we obtain the list of all K-orbits in G. En p. 
At the same time, for each non-zero nilpotent orbit K. E, in p, we obtain 
the list, up to G-conjugacy, of all algebras in RSS,(K. E,). We leave aside 
the problem of classifying these algebras up to K-conjugacy. 
11. Let (E, H, F) be an &-triple in s=&(C) and define a 
E,-grading B = so + s1 of 5, where 5. is spanned by H and 51 by E and F. 
A Z,-graded s-module is an e-module V with a Z,-grading I/= VO @ I’, 
such that 
YTi. vjc vi+j (indices mod 2) 
holds for all i, j. 
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TABLE XI 
Nonzero Nilpotent Orbits in E,(,) 
1 1OOOOOO OOOlOOOA* 46 30 1 2A, 5466) 
2 OOOOOlO 01000102A, 37 17 6 B, +2A, + T, 50(5,4)+61(2, W) 
3 0000002 02OWOO(3k,)” 36 24 15 &+A,- 
4 0000002 0000020 (3A,)” 36 24 15 C1+A, 
5 0010000 1001001(3A,)’ 31 10 9 Az+T, 
6 2000000 2OOOOO2 AZ, (4A,)’ 30 17 20 2A,i-T, 
7 2oc0000 0002000 (4A 1)’ 30 15 I6 A, 
8 OlOCOO1 1100100(4A,)” 28 9 10 A, + T, 
9 0100001 0010011 (4A,)” 28 9 10 A,+T, 
10 1000010 2010001 Az + A,, 5A, 25 8 13 2A, +T, 
11 1000010 1000102 AZ + A,, 5AI 25 8 13 2A,+71 
12 1000010 01010105A, 25 6 9 2A, 
13 0001000 3000100AZ+2A,,6A, 22 1 18 2A,+T, 
14 OLWlOOO 0010003 A2 + 2A,, 6A, 22 7 18 2A,+T, 
15 0001000 1010101 A2 + 2A,, 6A, 22 3 10 T3 
16 02OOOOO 4OOOOOOA~+3A,,lA, 21 14 35 G, 
17 02OOOOO OOOOO04Az+3A,,7AI 21 14 35 G, 
18 02OOOOO 2000200 Az + 3A,, 7A, 21 6 19 2A, 
19 02OOOOO 0020002 A> + 3A,, 7A, 21 6 19 2A, 
20 2000010 01020lOA, 21 10 5 3A,+T, 
21 0000020 0200020 2Az 21 7 16 2A,+T, 
22 2OOOOO2 0202000 (A3 + A,)” 20 9 14 3A, 
23 2OOOOO2 0002020 (A, + A,)” 20 9 14 3A, 
24 0010010 llOfO11 2A, + A, 18 2 9 T2 
25 1001000 1011101 (A, + A,)’ 17 3 8 T, 
26 0020000 2002002 (A, + 2A,)’ 16 4 15 A,+T, 
27 0020000 0020200 (A, +2A,)‘, D4(a,), 3Az 16 3 18 T3 
28 1000101 ll11010(A3 +2A,)” 16 2 9 Tz 
29 1000101 0101111 (A, +2A,)” 16 2 9 T, 
30 2020000 2004002 D4 15 9 10 Az+T, 
31 0110001 2101101 A, +3A, 15 3 8 AI 
32 0110001 1011012 A3 +3A, 15 3 8 A, 
33 0110001 0120101 A3 +3A,,D4(a,)+A, 15 2 11 T, 
34 0110001 1010210 A3 +3A,, D4(a,)+ A! 15 2 11 T2 
35 0001010 1030010 A, + A>, D&7,) +-2A, 14 2 15 T, 
36 0001010 0100301 A, + AZ, D4(a,) + 2A, 14 2 15 T, 
37 0001010 1110111 D,(a,)+2AI 14 1 8 T, 
38 2000020 2200022 A4 13 5 14 A,+T, 
39 OOOG200 0040000Aj+A2+A,,D,(a,)+3A, 13 3 30 A, 
40 0000200 OOO0400A~+A2+A1,D.,(a,)+3AI 13 3 30 A, 
41 0000200 2020020A~+Az+A,,D.,(a,)+3A, 13 1 16 T, 
42 0000200 0200202A~+AZ+A,,D&,)+3A, 13 1 16 T, 
43 2000020 02020202A, 13 3 12 A, 
44 2000022 0402020(AS)” 12 6 9 2A, 
45 2000022 0202040(AS)” 12 6 9 2A, 
46 2110001 2103101 Do4 + A, 12 4 7 A, t T, 
F4w 
F4w 
5~(6 W) + 51(2, WI 
su(3,3) 
51(6, R) 
~~(69 RI 
5~(6 W) 
eu(2,2) + T, 
eu(2,2) + T, 
51(4, W) + T, 
sl(2, R) + 2su(2) 
q2, R) + 2su(2) 
3sf(2, W) 
G2,-,4, 
G2, -14) 
(7212, 
G2l2, 
50((4, 3) + sI(2, W) 
$2, + 5fGk WI 
50(4,3) 
50(4,3) 
251(2, R) 
3s1(2, R) 
51(2, bk) + 51(2, c) 
3s1(2, R) 
25I(2, W) 
2d(2, R) 
5~(6, WI 
5G c f 
W, 0 
2el(2, R) 
2e1(2, R) 
sl(2, W) t- T1 
d(2, R) + T1 
d(2. &!) t-k’, 
su(2, 1) + T, 
5m 
5W) 
w, Lw) 
5~(2, RI 
el(3, R) + VI 
G 212) 
%2, 
50(3,2) 
Table continued 
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TABLE XI (continued) 
47 2110001 1013012D, -A, 
48 1001010 3101021 A, + A, 
49 1001010 1201013 A, + A, 
50 1001010 1111111 2A, +A, 
51 2001010 3013010 D,(a,), I>, + 2A, 
52 2001010 0103103 D>(u,), D, + 2A, 
53 2001010 1112111 n4 +2A, 
54 0002000 2020202 A4 +Az 
55 2000200 4004000D5(a,)+A,,D,+3A, 
56 2000200 OO04004D5(a,)-A,,D,+3A, 
57 2000200 2022020 DJu,) + A,, D4 -3A, 
58 2000200 0202202 D,(a,) + A,, D, + 3A, 
59 1001020 1211121 (A,)’ 
60 1001012 1311111 (A,+A,)” 
61 1001012 1111131 (A, +A,)” 
62 0020020 2202022 (A, + A, )’ 
63 0020020 0220220 (A, + A,)’ 
64 0110102 1310301 D,(u,) 
65 0110102 1030131 D,(u2) 
66 2020020 2204022 D, 
67 0002002 2220202 D6(u2) + A, 
68 0002002 2020222 De(+) - A, 
69 0002002 0400400 D,(u,) + A,, A5 + Az 
70 0002002 0040040D,(u,)+A,, A, +A? 
71 0002020 2220222 A, 
72 2110102 3013131 Ds(u,) 
73 2110102 1313103 D,(a,) 
74 2110110 3113121 I>, -A, 
75 2110110 1213113 D, + A, 
76 2002002 2222202 D,(u,) + A, 
77 2002002 2022222 D,(u,) + A, 
78 2002002 4004040 D,(u,) + A, 
79 2002002 0404004 D6(u,) + A, 
80 2002020 4220224 E6( ) a, 
81 2002020 2222222 A, 
82 2110122 3413131 D, 
83 2110122 1313143 De 
84 2022020 4224224 E, 
85 2002022 2422222 DC + A, 
86 2002022 2222242 D, i A, 
87 2002022 4404040 De + A, 
88 2002022 0404044 D, + A, 
89 2220202 4404404 E,(q) 
90 2220202 4044044 E,(az) 
91 2220222 4444044 E,(q) 
92 2220222 4404444E,(u,) 
93 2222222 8444444 E, 
94 2222222 4444448 E, 
12 4 7 A,+T, N3,2) 
11 2 9 Tz 
11 2 9 Tz 
11 0 70 
10 2 11 Tz 
10 2 11 Tz 
10 1 6 T, 
10 1 12 T, 
9 3 22 A, 
9 3 22 A, 
9 1 12 T, 
9 1 12 T, 
9 2 5 7‘2 
9 1 6 7’, 
9 1 6 T, 
8 1 10 T, 
8 1 12 T, 
8 1 10 T, 
8 1 10 7‘, 
7 2 9 Tz 
7 0 11 0 
7 0 110 
7 0 21 0 
7 0 21 0 
6 1 8 T, 
6 1 8 T, 
6 1 8 T, 
6 1 6 T, 
6 1 6 T: 
5 0 9 0 
5 0 90 
5 0 17 0 
5 0 17 0 
4 1 8 T, 
4 0 70 
4 1 6 7’, 
4 1 6 7’, 
3 1 6 T, 
3 0 10 
3 0 70 
3 0 13 0 
3 0 13 0 
2 0 110 
2 0 110 
10 90 
10 90 
0 0 70 
0 0 70 
TZ 
TZ 
vz 
el(2, W) + T, 
el(2, W) + T, 
eI(2, R) + v, 
51(2, RI 
5u(2) 
5N2) 
s1(2, R) 
el(2, RI 
251(2, R) 
5u RI 
el(2, R) 
su RI 
51(2, R8) 
5u2, W) 
el(2, 3) 
S&1(?, 8) 
0 
0 
0 
0 
5U W 
51(2, Iw) 
5u2, WI 
51(2, RI 
el(2, h?) 
0 
0 
0 
0 
T, 
VI 
sv, [WI 
54-Z R) 
sl(2, aB) 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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TABLE XII 
Non-zero Nilpotent Orbits in E,, -5, 
4 
5 
6 
8 
9 
10 
11 
12 
13 
1OOOOOO 000010 1 A, 52 36 1 ‘4x+7-, eo*(12) 
OOOOOlO 010000 2 2A, 43 25 8 II3 +A, + T, 50(7,2)+eu(2) 
OOOOolO 000100 0 2A, 43 21 4 A,+2A, 50(6,3) + m(2) 
0010000 000010 3 (3.4,)’ 37 22 15 Cl&T, ~~(3)+a R) 
OOlOQOO 010010 1 (3A,)’ 37 14 7 Bz+A,+T,ep(2,1)+51(2,R) 
2000000 ooooo0 4 ,413 (4‘4,)’ 36 35 32 As 546) 
2000000 000020 2 (4A,)’ 36 21 16 C, 51(3, W) 
2000000 020000 0 A,, (4A,)’ 36 19 16 Al + Al + T, ~~(4.2) 
1000010 110001 1 Az+A1 31 10 9 Az+7; ~(3, 1) + T1 
0001000 200100 0 AL +2A, 28 7 12 2A,+T, eq2, W) + 2eu((2) 
ooo1ooo 010100 2 A, +2A, 2X 7 8 2A,+T, d(2, W) + 25u((2) 
2000010 010020 4 A, 27 18 3 A?+A, so(6, 1) + m(2) 
2000010 000120 2 A, 27 14 7 & + A, + T, 50(5, 2)+e1(2, W) 
14 0000020 400000 0 2Az 27 17 32 &+A] GZc .I‘,, + ~(2) 
15 OOOm20 000200 0 2‘42 27 9 16 3A, G 2(2, + 51(2, RI 
16 0010010 010110 1 2A,+A, 24 4 9 A,+T, el(2, R) + 5u(2) 
17 1001Otxl 010030 1 (A, +A,)’ 23 7 14 2A,+T, d(2, W) + 25u(2) 
18 1001000 010110 3 (A, +A,)’ 23 7 6 2A,iT: d(2, w) + 2eu(2) 
19 0020000 000040 0 D,(u,), (A, +2A,)‘, 3A2 22 9 30 3A, 3m(2) 
20 0020000 COO200 4 D,(a,). (A, +2A,)’ 22 9 14 3A, 3eu(2) 
21 0020000 020020 2 (A, +U,)’ 22 6 15 2A, 5~(2)+51(2, c) 
22 202OOoO oooo408 114 21 21 16 C, 5P(3) 
23 2020000 020040 4 D4 21 13 8 &+A, 5~(2,1) 
24 0001010 201011 2 A, -A2 20 4 7 A,+T, ~(2) + T, 
25 2000020 04oooo 4 A,, 2A, 19 9 24 Az+T, m(3) + T, 
26 2000020 020200 0 432.43 19 5 12 Al+T, ~(2, 1) + T, 
27 1001010 111110 1 A, +A, 17 2 7 T, T2 
28 2001010 201031 4 Dda,) 16 4 7 A,+T, m(2) + T, 
29 0002000 wooo 0 4 +A2 16 3 24 A, 5U) 
30 1001020 010310 3 (A,)’ 15 4 9 A,tT, d(2, iw) + m(2) 
31 0020020 020220 0 (A, +A,)’ 14 3 10 A, 542) 
32 0020020 ooo400 4 (A, +A,)’ 14 3 20 A, 5uw 
33 2020020 020240 4 D5 13 6 7 2A, ‘h(2) 
34 2020020 040040 8 D5 13 6 15 2A, L&x1(2) 
35 0002020 400400 0 4 12 3 16 A, 5W 
36 2002020 040400 4 -%(u, 1. A, 10 1 14 T, T, 
37 2022020 040440 8 & 9 3 10 A, 542) 
Let V be a simple e-module of dimension n + 1 and let 2;,, be a highest 
weight vector of V. Then the vectors 
vi = F’o,, O<i<tZ, 
form a basis of V. We can convert V into a Z,-graded s-module by defining 
V, (resp. VI) to be the subspace of V spanned by the vectors t’; with even 
(resp. odd) indices i. Such a graded s-module will be denoted by X0,. By 
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TABLE Xl11 
Non-zero Nilpotent Orbits in I+,,, 
11OOOOOOmOOOO 0 A, 
2 1OOOOOOOOOOO1 -2 A, 
3 OOOOO1OOOOOO1 0 2A, 
4 ooooO101ooooO -2 2A, 
5 OOOOOlO 100001 -2 2A, 
60000002000000 2 (3A,)” 
10000002000000 -2 (3A,)” 
8OOOOOO2OOOOO2 -2 (3A,)” 
9oooooO22ooooO -2 (3A,)” 
10 2000000 020000 -2 Az 
11 1000010 010010 -2 AZ+A, 
12 1000010 011000 -3 Az+Al 
13 2000010 300001 -2 A, 
14 2oooo101oooo3 -6 A, 
15 OoOO020 200002 -4 2Az 
16 2OOOOO2 00002 -2 (A, + A,)” 
17 2000002400000 -2 (A, + A,)” 
18 2OOOOO2(lOOOO4 -6 (A, + A,)” 
19 2ooooO22oooc2 -6 (A, + A,)” 
20 2oooo20 22ooo2 -6 A, 
21 2oooo22 4oooo4 -6 (A,)” 
22 2oooo22 4oooo4 -10 (A,)” 
62 46 1 D,+T, 
62 46 1 D5+T, 
53 37 10 B4 + T, 
53 37 10 B,+T, 
53 29 2 D4+T, 
52 52 21 F4 
52 52 21 F4 
52 36 11 B, 
52 36 11 B4 
46 25 12 A4+T, 
41 16 5 A,+T, 
41 16 5 A,+T, 
31 22 9 B,+ T, 
37 22 9 B, + T, 
37 15 16 Gz+T1 
36 21 10 B3 
36 21 26 BJ 
36 21 26 Bj 
36 21 10 B, 
29 9 10 A,+T, 
28 14 17 G2 
28 14 17 G2 
50(10,2) 
50( 10,2) 
eo(9)+eI(2, R) 
eo(9)+el(2, R) 
so(8, 1) + el(2, R) 
F 4( 52) 
F,, 52, 
F 4, 20, 
F+ 20, 
su(5, 1) 
m(4)+ T1 
w(4)+ T, 
so(7)+51(2, W) 
so(7)+e1(2, 38) 
G2, *‘I, + 51(2, RI 
su(7) 
=(7) 
N7) 
50(7) 
m(3)+ T, 
c ‘2( 14, 
ti 21 141 
switching V, and V, we obtain a new X,-graded s-module which we 
denote by X,,. 
LEMMA 1. Eoery ( pnite-dimensional) H 2 -graded s-module V is 
isomorphic to a direct sum of the modules Xii (i= 0, 1; j= 0, I, 2, . ..). 
Proof: Let W = W, 0 W, be a maximal graded submodule of V = 
V,, @ VI which is a direct sum of copies of graded simple modules X,. 
Assume that W# V and choose a simple (non-graded) submodule U of 
V such that U n W = 0. Let e be a highest vector of U and write e = e, + e, 
with e, E V0 and e, E V,. Choose i= 0 or 1, such that ei $ Wj. Then the 
submodule u’ generated by ei is isomorphic to U and is graded. Since 
ei $ Wi, we have u’ k W and consequently U’ n W= 0. This contradicts 
the maximality of W since W $& u’@ W. 
12. Let (E, H, F) be a normal 51, -triple in g and let 5 be the 
subalgebra spanned by this triple. The Hz-grading 9 = I@p induces the 
h,-grading 5 = s,, 0 5, , where B, (resp. 5,) is spanned by H (resp. E and F). 
By restricting the adjoint representation of g to a we may view g as a 
Z, -graded s-module. 
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TABLE XIV 
Non-zero Nilpotent Orbits in E8,8j 
1 cKxmOO1 
2 lcF.mooO 
3 OOOmIlO 
4 OOOOOOOZ 
5 OOOcmO2 
6 OIOOOOOO 
7 100001 
8 1WOOOOl 
Y coOOO1w 
10 waOO1Oa 
II IOOOimI2 
12 OOlOOOw 
13 001OOOOO 
14 2OOoOm0 
15 20000000 
16 20000000 
17 1OoOOO10 
18 OKNll01 
19 OImOQ20 
20 OOQcm20 
21 00000022 
22 OOw1000 
23 001OOOal 
24 OlOOOGlO 
25 01000010 
26 lOOOi3100 
27 10000100 
28 10000100 
29 2mm2 
30 2OiIOmO2 
31 OOa1m 
32 ooO1OOGO 
33 01OmO12 
34 02cmOOO 
35 02OOOcnO 
36 02OOOQw 
37 10000101 
38 10000101 
39 10001000 
40 1m102 
41 1OOm102 
42 OCQlOOOl 
43 00010001 
OOoOOOlO A, 91 63 1 
lm10000 24, 74 36 8 
01OOOa10 3A, 64 25 15 
02OOOOOO AZ, (4A,)” 63 38 32 
00000020 (4A,)” 63 36 28 
1OOOlCKM (4A,)’ 56 16 16 
11OC0OiIl A, I A,,5A, 52 17 21 
OOOIoOlO 5A, 52 15 17 
2OOlOC00 A, t 2A,,6A, 47 14 24 
01OOQ100 AI t 2A,,6A, 47 10 16 
00010020 A, 46 25 7 
3OOOOCQl A2 : 3A,,7A, 43 15 35 
1001OCX~1 A2 t 3A,,7A, 43 7 19 
4OGOOCQO ZA,, A2 t4A,, 8A, 42 28 64 
2OWOOO2 A, t 4A,,8A, 42 14 36 
00020000 2A,, A, +4A,,8A, 42 12 32 
01010010 2A, t A, 39 7 17 
01ooO110 A, t A, 38 10 14 
02000020 (A + 2A )” 1 , 37 13 27 
WOO0200 D&I,), (A, +2A,)“, 3A, 37 12 30 
02000040 D, 36 24 16 
10100100 2A, + 2A, 36 4 16 
10010011 (A, 1 ZA,)’ 34 5 15 
11001010 A, t 3A, 32 4 16 
00100101 D,(u,)-A,,A,+3A,,3A,+A, 32 3 19 
2OlooOl1 A, t A,. A, i 4A, 31 7 15 
10001002 A, -A2.n4(a,)+2A,,A,+4A, 31 5 21 
01010100 D&I,) + 2A,, A, t 4A, 31 4 14 
02020000 A,, (2AJ’ 30 12 24 
ooO20020 (?A,)” 30 10 22 
OOlCGOO3 A,+A, tA,,D,(a,)+3A, 29 4 30 
10101001 A, t A, t A,, .D,(a,) t 3A, 29 2 16 
11001030 D,+ A, 28 9 11 
00000004 D,(u,)tA,,A, tA,+ZA,, 28 8 56 
D,(a,)+4A,,4A, 
20002000 D,(u,)+A,,A,+A,+ 2A,, 2X 4 28 
n,(u,) t 4A, 
002oooO2 A,+A2t ZA,,D,(a,) t4A, 28 3 31 
11110010 A4 t A, 26 5 15 
01010110 2A,+A, 26 3 13 
10110100 (2A,)’ 26 4 I2 
201ooO31 D&z,), D4 + ZA, 25 7 15 
01010120 D, t 2A, 25 6 10 
21010100 A, t 2A, 24 4 12 
01200100 A4 t 2A,, D,(u,)-t A, 24 2 18 
4 h 
A, t B, 50(7, 6) 
C,+A,+T, 1;4,4, + 5u2, R) 
A, + A, Go, 
c 4 E 6,-Z) 
A, + T, ~(8, WI 
2A, + T, 5u((3, 3) 
A, 546, R) 
B,+A, t T, so(5.2) + w(2) 
3A, + T, eo(4, 3) + d(2, R) 
A,+& 50(6,5) 
G, 1 T, G 2, - 14, + 5u R) 
ZA, t T, G 212, + w. WI 
ZG, =2, 141 
G, G, 
4A, 2G a2, 
2A, i- T, G >,*, + 51(2, R) 
3A, t T, SO(4,3) t sl(2, R) 
&+A, 50(5,3) 
4A, N4.4) 
C, + A, Fq4, 
A, AT, M3.2) 
A, t T, 50(3, 2) + d(2, 2) 
A, +T, sl(2, R) + sl(2, C) 
T, 3sl(2, R) 
2A, t T, ~(4, I) t T, 
A, tT2 so(3, 2) + T, 
A, t T, 50(3,2) t v, 
A,tA,+T, N3,2) 
B2 sl(5, W) 
A,+T, 5I(2, R) + m(2) 
7 L 251(2, R) 
A, + T, 5~(6. R8) 
A, 5M3) 
A, + T, 
A, 
A, t 7’2 
A, 
A,+T, 
2A, + T, 
ZA, 
A, tT, 
T2 
42, 1) 
51(3, R) 
~(2, 1) t T, 
d(3, R) t v, 
sb(3, 2) 
SU(2.2) 
5l(4, 38) 
m(2) t T, 
sI(2, R) t T, 
Table continued 
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TABLE XIV (continued) 
53 02OOWO2 2OOQ2020 D,(a,) t 2A,, D, + 4A, 
54 2OC00020 02020020 (A, + A,)” 
55 20000020 ooO20200 (A, + A,)” 
56 2oooO22 02020040 D, 
57 00010010 11101011 A,+A, 
58 10010001 10111011 (A,+A,)’ 
59 00100101 11010111 D,(a,)+A, 
60 01100010 21011011 D,+A, 
61 OllOOQlO 10102100 D&I,). D,+ A, 
62 10001010 11110110 A,-ZA, 
63 10001010 01011101 A, t 2A, 
64 ooO10100 01003COl A, t A,, D,(a,)+ A, 
65 00010100 11101101 D&I,)+ A, 
66 10001012 11110130 D,+A, 
67 00002OO+l 20200200 D&J,) t D,, D,(a,)t A,, 
D,(a,) + ~4, 
6X ONMI2000 00004000 D&J + D,, D,(q) + A,. 
D,(a,)+2A,,2A,,A5+A,+ A 
69 OCOO20Xl 02002002 D,(a,)-tzA,,A,iA,tA, 
70 20000200 4OO4OOOO A,. 20, 
71 2OOOG2OO 02020200 A,. 20, 
72 OllC0012 21011031 D, t 2A, 
73 01100012 01201031 D,(a,), D, t 2A, 
74 10010100 11111101 A,+ A, 
75 00010102 11101121 D,(a,)t A, 
76 00010102 10300130 D,(a,)+ A, 
77 2oooO202 04020200 EJa,), (A.,)” 
78 20000202 02020220 (A,)” 
79 00002002 02002022 D, + A,, D&I,) + 2A, 
80 00002002 OO4MMMO D,+ AZ, D,(a,)+ZA, 
81 MI002002 20200220 D,(a,)+2A, 
82 20000222 04020240 E, 
83 21100012 21031031 D, 
84 10010101 31010211 D,(a,) 
85 10010101 11111111 D,+A, 
86 10010110 12111111 (A,)’ 
87 10010102 13111101 &@,)+A, 
88 10010102 11111121 A,+A, 
44 ooO1COO1 10101011 D&z,) t A,, 2A,+ 2A, 24 1 13 T, 
45 cmxaI200 00400000 A, + A,, 2~&,) 23 6 48 2A, 
46 OIlIN 02WO200 A, + AZ, 2D,(a,) 23 2 24 T, 
47 2OOW101 01020110 A, 22 7 Y 2A,+T, 
4X ooO1ooO2 3ooO1030 D,(a,) + A,, D, t 3A, 22 4 22 A,+T, 
49 0001ooO2 10101021 D&I,) + A,, D, + 3A, 22 2 12 T, 
50 00100100 11010101 A, - A, t A, 22 1 13 T, 
51 02000002 40000040 D,+A,, D,(u,)t 2A,, D,+4A, 21 8 42 A, 
52 02OOOOO2 00200022 I),+ A,, D,(u,)+2A,. D, t 4A, 21 4 22 A, + T, 
21 3 23 A, 
21 6 1R 2A, 
21 6 20 2A, 
20 Y 15 3A, 
20 1 I1 T, 
19 2 10 7; 
19 1 11 T, 
18 3 Y A, 
18 2 14 T, 
18 1 11 T, 
1X I 13 T, 
17 1 21 T, 
17 1 11 T, 
16 2 10 7; 
16 0 20 0 
16 0 40 0 
I 
16 0 22 0 
15 6 32 2A, 
15 2 16 TZ 
15 3 9 A, 
15 2 12 7, 
14 1 9 T, 
14 I 9 T, 
14 1 17 T, 
13 4 14 A,+T, 
13 3 13 A, 
13 1 17 T, 
13 1 33 T, 
13 0 18 0 
12 6 10 2A, 
12 4 8 A,tT, 
12 1 11 T, 
12 0 8 0 
11 I 7 T, 
11 I 9 T, 
11 0 80 
Table conrinued 
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TABLE XIV (continued) 
89 20010102 11121121 D,t A, 
90 20010102 30130130 D, t A, 
91 Oca20002 20202022 D,(a,) 
92 coO2Om2 (I@o@3o WJ,), MJ,)+A, 
93 20002002 02022022 &(a,), D, t 2A, 
94 20002002 4ocwc140 Mu,), D,t 2.4, 
95 20002002 20220220 D, t 2A, 
96 10010122 13111141 E, t A, 
91 01101022 13103041 &(a,) 
98 00020020 00400400 A,, Dduz) 
99 00020020 22202022 D,(u,) 
100 21101101 31131211 II, 
101 m20022 22202042 E,(u,) + A, 
102 ooo20022 04004040 E,(a,) i A,. E, t A2 
103 21101022 13131043 E,(u,) 
104 2002Oc20 22222022 D&J,) 
105 20020020 40040400 Q&J 1 
106 20020022 22222042 E,(a,) + A, 
107 20020022 0404OW4 &(a,) t A, 
108 21101222 34131341 E, 
109 20020202 22222222 D, 
110 20020202 44040400 I), 
111 20020222 24222242 E, t A, 
112 20020222 44040440 .E, t A, 
113 22202022 44044044 .?&I>) 
114 22202222 44440444 E,(q) 
115 22222222 84444444 E, 
10 1 7 T, 
10 1 13 T, 
10 0 14 0 
10 0 28 0 
Y 1 13 T, 
Y 1 25 T, 
Y 0 14 0 
Y 1 7 T, 
8 I 11 T, 
8 0 24 0 
8 0 12 0 
7 1 7 7‘, 
7 0 12 0 
7 0 22 0 
6 1 9 T, 
6 0 10 0 
6 0 20 0 
5 0 10 0 
5 0 18 0 
4 1 7 T, 
4 0 80 
4 0 16 0 
3 0 80 
3 0 14 0 
2 0 12 0 
1 0 10 0 
00 80 
51(2, R)
51(2, W) 
0 
0 
T, 
T, 
v, 
d(2, R) 
sl(2. X) 
0 
0 
d(2, R) 
0 
5v2, R) 
0 
0 
0 
0 
w, W) 
0 
0 
0 
0 
0 
0 
0 
By Lemma 1 we have 
where mu are non-negative integers (i = 0, 1; j = 0, 1,2, . ..). 
Let 30(E) denote the centralizer of E in f and I,(E) a Levi factor of 3o(E). 
For any integer j let 
g(0, j) = {X-E f: [II?, X] = jx>, 
g(l,j)= {Xw: w,x1=jq, 
and set 
N( i, j) = dim g( i, j). 
481:112,‘2-17 
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TABLE XV 
Non-zero Nilpotent Orbits in E,( 24j 
1 OOamOl lxIOooO1 1 
2 IOOOOOOO 1oOGoOa 2 
3 lOclmOO0 coOcal 0 
4 OOmoOlO lxQOoO1 3 
5 lIl.mOOlO 1m1 1 
60000000200000004 
1 OcYmOOO2 0000002 2 
8 OixmOO2 2OOiKm 0 
9 loOOOOO1 1lOoOal 1 
10 OooOOlOO 1oOoO10 2 
11 tmOOlOil OcolOoO 0 
12 lcmOOO2 IO00002 4 
13 lOoOoOO2 OOfml2 2 
14 2oOOOOo0 OoOOO20 0 
15 1cNOOO10 lOOa 1 
16 OOCWlOl lOOWl 3 
17 oOOOiI101 1000003 I 
18 OCWlO20 OOOC020 4 
19 OOOOo020 Otxlcml 0 
20 m20 2OaOm2 2 
21 OOOOQO22 oOOOO34 8 
22 OmQO22 2OQmM 4 
23 10000100 Ol1ooOl 2 
24 2OOOOOO2 4OQOC0Q 4 
25 2OOOoOO2 2Olm20 0 
26 1caOa01 1010011 1 
27 lOOOIllO2 OllCE03 4 
28 OCOOlI200 ooO2ooO 0 
29 2Mxx)lOl loo0031 3 
30 20000020 2m22 2 
31 2OOOoO20 oooo@to 4 
32 2OOOOO22 2000024 4 
33 2OOOW22 401IOC04 8 
34 20000200 OOa2020 0 
35 2mOO202 4OooO40 4 
36 20000222 4000044 8 
A, 
2.4, 
2.4, 
3A, 
3A, 
A,. (4A,)” 
l4A,)” 
A,. (4AJ” 
A> + A, 
A2t2A, 
A2 t 2A, 
‘4 I 
A, 
2A2 
2A,+A, 
A,+A, 
.4,+Al 
o,(a,), (A, t 2.4,)” 
D,(u, 1. (A, t 2A, )“, 
3A, 
(A,+ZA,)” 
I)4 
D4 
A,+A, 
A,, 2.4, 
A,, 2A, 
4 + A, 
[),(a,) 
4th 
A, 
(A, + A,)” 
(A, +A,)” 
n5 
D5 
4 
&(a,), (A,)” 
E6 
107 79 1 E,+T, 
90 56 12 B, t T, 
90 48 4 D,tA, 
80 53 27 F4 t T, 
80 37 11 B,+T, 
79 78 56 E, 
79 52 28 F4 
79 46 24 n, t T, 
68 25 13 A,+T, 
63 22 12 B, + T, 
62 18 12 A,tA, 
62 45 3 u, 
62 37 11 B,tT, 
58 20 32 G,tZA, 
55 15 17 G2 t T, 
54 22 10 B, t T, 
54 22 26 B, t T, 
53 28 22 II, 
53 28 54 II, 
53 21 27 B, 
52 52 2R F4 
52 36 12 B, 
47 11 II B,+T, 
46 24 44 A, 
46 16 20 A, t T, 
42 9 11 A,+T, 
41 15 7 A, 
39 6 24 2A, 
3X 15 17 G,tT, 
37 14 18 G, 
37 14 36 G, 
36 21 11 61, 
36 21 27 B, 
31 6 16 2A, 
29 8 26 A, 
28 14 18 G, 
F ‘7i :<I 
so(l1,2) 
sol 10, 3) 
F 4, 52, f 5u RI 
F 4, -20, + m R) 
F ‘6, 7x, 
JL, 
E M - 141 
su(5, 1) 
m(7) + d(2, R) 
50(6, 1) t w(2) 
so( 10, 1) 
so(9.2) 
G,, -14) t G‘z,:, 
G 2, 14, + w> R) 
m(7) + d(2, R) 
m(7) t 51(2, W) 
W3) 
50) 
50(7, 1) 
F -) 
F::. :;, 
so(S) t T, 
5N5) 
su(4. 1) 
m(3) t T, 
N4) 
25u(2) 
G 21 14, + w3 R) 
Gz, 14, 
G 21 14, 
50(7) 
50(7) 
Zsu(2) 
=(3) 
G 21 14) 
LEMMA 2. We have 
dim jO(E) = 1 N(0, j) - 1 Ml, A, 
i*O j22 
and 
dim I,(E) = N(0, 0) - N( 1, 2). 
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Proof From the theory of $-modules it follows that 
dim 30(E) = m, + m,, + mo2 + . . . 
and that 
mij=N(i,j)-N(l-i,j+2), ja0. 
The first formula of Lemma 2 follows from these two facts. 
Since the centralizer of B in f is a Levi factor l,(E) of 30(E), we have 
dim I,(E) = m, = N(0, 0) - N( 1,2). 
Remark. From [ 10, Proposition 51 it follows that 
dim 30(E) = 4 (dim 3(E) - s) 
where s = dim p-dim f is the Cartan index of go. This gives an indepen- 
dent way of checking the values of dim 3o(E) computed by the first formula 
of Lemma 2. 
13. Let (E, H, F) and 5 be as in Section 12. Let 0 be the 
automorphism of g which is 1 on f and - 1 on p. Starting from H we can 
easily compute the integers N(i, j) and then by Lemma 2 we obtain the 
dimensions of 30(E) and l,(E). 
Let 3(E) be the centralizer of E in g and l(E) the centralizer of 5 in g 
(which is a Levi factor of 3(E)). Since 8(E) = -E and 8(s) = 5, it follows 
that 8 leaves invariant 3(E) and L(E). It is clear that 30(E) (resp. I,(E)) is 
just the set of all fixed points of 8 in 3(E) (resp. I(E)). 
Since the algebras I(E) are known from the work of ElaSvili [7] the 
above observation and dim I,(E) determine the subalgebra l,(E) uniquely 
with only three exceptions. In the three exceptional cases we follow 
ElaSvili’s method to determine the isomorphism type of l,(E). 
In Table V we list all non-compact real forms go of some complex 
semisimple Lie algebras g of small dimension. If go = f. + no is a Cartan 
decomposition of this real form we also list the isomorphism type of the 
complexitication f off0 and its dimension. This table was used to determine 
the isomorphism type of l,(E), in all but the three exceptional cases. In this 
table Tk denotes the abelian Lie algebra of dimension k. 
14. We can now state our first theorem, which follows from 
previous sections and some lengthy computations (performed on an IBM 
PC using STSC APL*PLUS software). 
THEOREM 3. The non-zero nilpotent K-orbits in p are listed in Tables 
VI-XV for all non-compact exceptional simple real Lie algebras of inner 
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type, i.e., the akehras G2(2), F4(+ f’+ 20), Gc2), J%-~~), Go,, J%(-~), 
ET, 25)3 E 8(8)y and G--24,. 
These tables contain further information about the K-orbits K. E in 
4 \ { 0} as summarized below. 
(a) Column 1 gives the integers a,(H), 1 < i< 1, where H is the 
characteristic of the corresponding G-orbit G . E. 
(b) Column 2 gives the integers BJH,,), 1 < i< Z, where H, is the 
characteristic of the orbit K. E. 
(c) Column 3 contains the list of all algebras in RSS,(K. E), up to 
G-conjugacy. The notation for these algebras is the same as in [6] except 
that we write nL instead of L”. 
(d) Columns 4, 5, and 6 list the dimensions of jO(E), I,(E), and 
g( 1, 2), respectively. 
(e) Column 7 gives the isomorphism type of the Levi factor I,(E). 
(f) For the last column see the next section. 
Let us also remark that from these tables one can read off the 
isomorphism type of the centralizer g(0, 0) of H, in f. Indeed, g(0, 0) is 
reductive, has rank Z, and the Dynkin diagram of its derived subalgebra is 
the subdiagram of the Dynkin diagram of the derived subalgebra of f 
spanned by the vertices /Ii, 1 d i < I,, for which /Ii = 0. 
For instance, in the case of orbit 1 in Table XII we have 
g(0,0)=A5+T2. 
The case go = ET(,) was considered earlier by Antonyan [2]. While our 
list of orbits in this case (Table XI) coincides with his list we found several 
errors in the last two columns of his tables. 
15. Let G, be the connected Lie subgroup of G corresponding to 
go. It was shown by King [9, Lemma 1.11 that every e&-triple in go is 
Go-conjugate to an eI,-triple (E, H, F) satisfying 8(E) = F. Such &-triple 
we call a real Cayley triple. 
We define a complex Cayley triple to be a normal &-triple (E, H, F) 
such that i?= -F where bar denotes the conjugation of g with respect 
to 90. 
The Cayley transformation (E, H, F) + (E’, H’, F) defined by 
E=i(H+iF-iE), H’=i(E+F), F’=&(-H+iF-iE) 
is a bijection from real to complex Cayley triples. If K, is the connected Lie 
subgroup of G corresponding to I, then this map is K,,-equivariant. 
A conjecture of Kostant claiming that the Cayley transformation induces 
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a bijection between non-zero nilpotent GO-orbits in go and non-zero 
nilpotent K-orbits in p has been recently proved by Sekiguchi [ 111 and the 
author [S], independently. 
Let 5” be the subalgebra of g, spanned by a real Cayley triple (E, H, F) 
and let 5 = q, + ie,. Clearly B is the complex subalgebra of g spanned by 
the triple (E, H, F) or by its Cayley transform (E’, H’, F). The centralizer 
3(s,) resp. 30(50) of ~1~ in go resp. f, is a real form of the centralizer 3(s) resp. 
aO(e), i.e., we have 
3(5) = 3(5,) 0 i3(5,) 
and 
3cl(5) = 30(5cl)O i30(50). 
Since O(5,) = so, 3(5,) is B-stable and we have 30(5,) = 3(5,) n f, and 
3(5o) = 3cl(%)O 3(5,) f-l PO. 
Since 3(s) and 30(5) are known one can use Table V to determine the 
algebra 3(5,) up to isomorphism. These algebras are recorded in the last 
column of the Tables VI-XV. 
We can summarize these results in the following theorem. 
THEOREM 4. In view of the correspondence via Cayley transformation, 
the Tables VI-XV give the list of all non-zero nilpotent Go-orbits in a simple 
non-compact exceptional real Lie algebra go of inner type. The last column of 
these tables spec$es the Levi factor of the centralizer in go of the 
corresponding nilpotent element E E go. 
(The center of this Levi factor is written as T, + V,Y where T, (resp. V,) is 
the abelian Lie algebra of dimension r (resp. s) consisting of elements X such 
that ad X has only purely imaginary (resp. real) eigenvalues.) 
Similar tables for the exceptional simple real Lie algebras E,(,, and 
E6(--26j will be published in a forthcoming paper. 
Notes added in proof: 1. In the case EVIII (our Table XIV), the nilpotent K-orbits in p 
have been classified by Antonyan and ElaSvili in their paper: Classification of spinors of 
dimension sixteen, Trudy Tbiliss. Mat. Inst. Razmadze Acad. Nauk Gruzin. SSR 70 (1982), 
S-23. There are no discrepancies between their tables and our tables. 
2. Reference [ 111 has been published in J. Math. Sot. Japan 39 (1987), 127-138. In that 
paper J. Sekiguchi refers to Kostant’s conjecture as “an unpublished result of Kostant” and 
proves a generalization of that result. 
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